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No. 27. We have also the following relations between L, L ', &c. and a, b, c, d. e, f , viz . We have also an expression for the discriminant in terms of L, L/, &c., viz. three times the discriminant No. 26 is equal to L L '+ 6 4 M M '-6 4 N N ', a remarkable formula, the discovery of which is due to Mr. S a l m o n .
It may be noticed, that in the particular case in which the quintic has two square factors, if we write
and these values give
where the value of K is
The table No. 29 is the invariant of the twelfth degree of the quintic, given in its simplest form, i.e. in a form not containing any power higher than the fourth of the leading coefficient a : this invariant was first calculated by M. No. 29. The sextinvariant may be thus represented by means of a determinant of the sixth order and of the quadrinvariant and quartinvariant. Resuming now the general subject,-54. The simplest covariant of a system of quantics of the form (where the number of quantics is equal to the number of the facients of each quantic) is the functional determinant or J a c o b i a n, viz. the determ differential coefficients or derived functions of the quantics with respect to the Several facients.
55. In the particular case in which the quantics are the differential coefficients or derived functions of a single quantic, we have a corresponding covariant of the single quantic, which covariant is termed the H essian; in other words, the Hessian is the determinant formed with the second differential coefficients or derived functions of the quantic with respect to the several facients.
56. The expression, an adjoint linear f o , is %x-{-7iy-\-.., or in the notation of quantics (f, ..), having the same facients as the quantic or quantics to which it belongs, and with indeterminate coefficients (|, rj..) . The invariants of a quantic or quantics, and of an adjoint linear form, may be considered as quantics having (f, *?...)for facients, and of which the coefficients are of course functions of the coefficients of the given quantic or quantics. An inva riant of the class in question is termed a contravariant of the quantic or quantics. The idea of a contravariant is due to Mr. S y l v e s t e r .
In the theory of binary quantics, it is hardly necessary to consider the contravariants ; for any contravariant is at once turned into an invariant by writing -x) for (I, n). 57-If we imagine, as before, a system of quantics of the form (*Xx ,y> ••)"» where the number of quantics is equal to the number of the facients in each quantic, the function of the coefficients, which, equalled to zero, expresses the result of the elimination of the facients from the equations obtained by putting each of the quantics equal to zero, is said to be the Resultant of the system of quantics. The resultant is an invariant of the system of quantics.
And in the particular case in which the quantics are the differential coefficients, or derived functions of a single quantic with respect to the several facients, the resultant in question is termed the Discriminant of the single qu an tic; the discriminant is of course an invariant of the single quantic.
58. Imagine two quantics, and form the equations which express that the differen tial coefficients, or derived functions of the one quantic with respect to the several facients, are proportional to those of the other quantic. Join to these the equations obtained by equating each of the quantics to zero ; we have a system of equations, one of which is contained in the others, and from which therefore the facients may be eliminated. The function which, equated to zero, expresses the result of the elimination is an invariant which (from its geometrical signification) might be termed the Tactinvariant of the two qualities, but I do not at present propose to consider this invariant except in the particular case where the system consists of a given quantic and of an adjoint linear form. In this case the tactinvariant is a contra variant of the given quantic, viz. the contravariant termed the 59. Consider now a quantic and let the facients x} y , be replaced by Xx+jO/X, .. the resulting function may, it is clear, be considered as a quantic with the facients (X, and of the form
The coefficients of this quantic are termed viz. excluding the first coeffi cient, which is the quantic itself (but which might be termed the 0-th em anant); the other coefficients are the first, second, and last or ultimate emanants. The ultimate emanant is, it is clear, nothing else than the quantic itself, with (X, Y ,..) instead of (x, y , ...) for facients: the penultimate emanant is, in like manner, obtained from the first emanant by interchanging (x, ?/,..) with (X, Y ,...), and similarly for the other emanants. The facients (X, Y ,..) may be termed the facients o f emanation, or simply the new facients. The theory of emanation might be presented in a more general form by employing two or more sets of emanating facients; we might, for example, write Xa?d-jooX+vX', " k y + f Y + v Y' ,... for x, y ,..., but it is not this at present.
The invariants, in respect to the new facients of any emanant or emanants of a quantic ( i .e . the invariants of the emanant or emanants, considered as a function or functions of the new facients), are, it is easy to see, covariants of the original quantic, and it is in many cases convenient to define a covariant in this m anner; thus the Hessian is the discriminant of the second or quadric emanant of the quantic.
If we consider a quantic (a, b
, .J > ..)"*, and an adjoint linear form, the operative quantic (da, (which is, so to speak, a contravariant operator) is termed the The proper ties of the evector have been considered in the introductory memoir, and it has been m effect shown that the evector operating upon an invariant, or more generally upon a contravariant, gives rise to a contravariant. Any such contravariant, or rather such contravariant considered as so generated, is termed an
In the case of a binary quantic, {a, b, ..Xr, y)m, 4 P 2 the covariant operator ( a .,3 » ,.o c y > -* r may, if not with perfect accuracy, yet without risk of ambiguity, be termed the and a covariant obtained by operating with it upon an invariant or covariant, or rather such covariant considered as so generated, may in like manner be termed an Evectant.
61. Imagine two or more quantics of the same order, <«,f3,.0O> V T we may have covariants such that for the coefficients of each pair of quantics the covariant is reduced to zero by the operators M ada + /3d$+..
Such covariants are called
C o m b i n a n t s, and they possess the property riantive, quoad the system, i. e. the covariant remains unaltered to a factor when each quantic is replaced by a linear function of all the quantics. This extremely important theory is due to Mr. S y l v e s t e r .
Proceeding now to the theory of ternary quadrics and cubics,- No. 56.
lhe discriminant is, it will be noticed, the same function as the Hessian. The reciprocant is the evectant of the discriminant. The covariants are the quadric itself and the discriminant; the reciprocant is the only contravariant.
Next, for a ternary cubic, we have the following Tables:-Covariant and other Tables, Nos. 57 to 70 (a ternary cubic).
No. 57-
which is equal to- tO't'i'eow®iwco?DC6^cooo>et®(o®®s<(N(otco5®(Nice<wtC(aotcwtoN<c<o The preceding Tables contain the complete system of the covariants and contravariants of the ternary cubic, i. e. the covariants are the cubic itself U, the quartinvariant S, the sextinvariant T, the Hessian HU, and an octicovariant, say 0 U ; the contravariants are the cubicontravariant PU, the quinticontravariant QU, and the reciprocant FU.
The contravariants are all of them evectants, viz. PU is the evectant of S, QU is the evectant of T, and the reciprocant FU is the evectant of QU, or what is the same thing, the second evectant of T.
The discriminant is a rational and integral function of the two invariants; repre senting it by R, we have R -64 S3-T2.
If we combine U and HU by arbitrary multipliers, say a and 6/3, so as to form the sum aU+6/3HU, this is a cubic, and the question arises, to find the covariants and contravariants of this cubic : the results are given in the following Table : We have, in like manner, for the covariants and contravariants of the cubic 6aPU+/3QU, the following Table : + (1 -16/3-6/6)U2 + (61 )U.HU + (6l2 )(HU)2. Ih e last preceding table affords a complete solution of the problem to reduce a ternary cubic to its canonical form.
